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5nLTT: an ef"icient summary statisticfor Approximate Bayesian Computation ofdiversi"ication rates from molecular phylogenies
Chapter 5
1. Molecular phylogenies form a potential source of information on rates of diversi"i‐cation, and the mechanisms that underlie diversi"ication patterns. Diversi"icationmodels have become increasingly complex over the past decade, and we havereached a point where the computation of the analytical likelihood of the modelgiven a phylogeny is either unavailable or intractable. For such models, a likeli‐hood‐free approach such as Approximate Bayesian Computation (ABC) offers asolution. ABC is a Bayesian framework that uses one or more summary statisticsinstead of the likelihood function. Crucial to the performance of an ABC algorithmis the choice of summary statistics. 2. Here we analyze the applicability of three traditional and often‐used summarystatistics (Gamma statistic, phylogenetic diversity metric and tree size) within anABC framework and propose a new summary statistic: the normalized Lineage‐Through‐Time (nLTT) statistic. 3. We "ind that the traditional summary statistics perform poorly and should not beused as a substitute of the likelihood. By contrast we "ind that the nLTT statisticperforms on par with the likelihood.4. We suggest to include the nLTT statistic to be included in future ABC applicationswithin phylogenetics.We argue that the use of ABC in diversi"ication rate analysis isa promising new approach, but that care should be taken which summary statisticsare chosen.
Thijs Janzen, Sebas!an Höhna, Rampal S. E!enne
Methods in Ecology and Evolu!on, accepted, in press
ABSTRACT
IntroductionTo understand present‐day biodiversity, it is crucial to study which processescontribute to biodiversity, and how these processes have changed over time. Histori‐cally, inferences on the macro‐evolutionary history of species, and more speci"ically,inferences of speciation rates and extinction rates, were drawn using the fossil recordand morphological similarity (Huxley 1942; Eldredge & Gould 1972; Coyne & Orr2004). Molecular phylogenies have provided a new source of information on evolu‐tionary histories. A large array of models that attempt to infer past speciation andextinction rates from phylogenies has been developed in the last decade (Morlon2014), including, but not limited to, the constant rates birth‐death process (Nee et al.1994),  character‐state‐dependent diversi"ication rates (Maddison et al. 2007; FitzJohn
et al. 2009), time‐dependent diversi"ication rates (Stadler 2011; Morlon et al. 2011;Höhna 2014) , diversity‐dependent diversi"ication rates (Rabosky & Lovette 2008a;Etienne et al. 2012) and protracted diversi"ication (Etienne & Rosindell 2012). All thesemodels are crude simpli"ications of the underlying mechanics causing diversi"ication.This allows these models to remain mathematically tractable, and exact likelihoods ofthe models given the phylogeny can be formulated to infer parameter estimates. At thesame time, the mathematical tractability poses a restriction on the complexity of thesemodels; simple extensions often result in intractable models. Consider for example amodel where speciation and extinction rates depend on geographical change (Pigot et






conducted yet. Ef"icient summary statistics for diversi"ication rate analysis should beable to recover parameter values for a range of diversi"ication models. Here we analyzethree summary statistics traditionally used in diversi"ication rate analysis: tree size, theGamma statistic (Pybus & Harvey 2000), and the Phylogenetic Diversity metric (Clarke& Warwick 2001). We test the performance of these summary statistics within an ABCframework by comparing inferences made with ABC for trees simulated with theconstant‐rate birth‐death model (Nee et al. 1994), a time‐dependent speciation model(Rabosky & Lovette 2008b) and the diversity‐dependent speciation model (Etienne et
al. 2012) with inferences using the exact likelihood. We show that under these differentscenarios, none of the established summary statistics is able to reliably recover param‐eter estimates. Furthermore we introduce a novel summary statistic: the normalizedLineage Through Time (nLTT) difference. We show that this novel summary statisticcan be used as a substitute for the likelihood.  
MethodsWe generated data using three different models of increasing complexity: the birth‐death model (Nee et al. 1994), the time‐dependent speciation model (Rabosky &Lovette 2008b; Höhna 2014) and the diversity‐dependent speciation model (Rabosky &Lovette 2008a; Etienne et al. 2012). We inferred the parameters using ABC with threedifferent summary statistics and with standard Bayesian Computation using the analyt‐ical likelihood.The tree size, the Gamma statistic (Pybus & Harvey 2000), and the Phylogenetic
Diversity statistic (Faith 1992; Clarke & Warwick 2001) are commonly used as summarystatistics to capture propreties of phylogenies. Additionally we introduce a newstatistic, the normalized Lineage-Through-Time statistic (nLTT). Tree size is simply the number of tips of the phylogeny. The Gamma statistic (Pybus& Harvey 2000) is given by:1 T
γ = ( n – 2 ∑ (∑ kgk)) – ( 2) ,      T =( jgj)
T 1




























of all branch lengths in the tree, divided by the number of branches (Clarke & Warwick2001), i.e.:


























Figure 5.1. Normalized LTT curves for three phylogenetic trees generated using the pure birth modelwith parameters λ = 0.4 (red and green lines) and λ = 0.25 (blue line). Time to the most recentcommon ancestor was identical for all three trees and set at 10 million years. Colored surfaces indi‐cate the nLTT difference between the respective trees, with the light blue surface the differencebetween the blue and red line, and the lightgreen surface the difference between the green and thered line. Clearly the surface between the two trees generated with the same λ (λ = 0.4, red and greenlines) is smaller than the surface between the two trees generated with different λ (λ = 0.25 and λ =0.4, blue and red lines).
and the number of lineages also spans the interval [0,1] The difference in normalizedLTT curves falls consistently within the same range and facilitates the use of a consis‐tent threshold acceptance value in ABC analysis.  Then, as a distance metric in ABC, weuse the absolute distance between the normalized LTTs, which is given by: ∆nLTT = ∫ | nLTT1(t) – nLTT2(t) | dt (1)where nLTT1(t) is the number of normalized lineages at normalized time t for phylo ‐geny 1, and nLTT2(t) is the number of normalized lineages at normalized time t forphylogeny 2. Equation (1) thus captures the surface enclosed between the two normal‐ized LTT curves, and this surface carries information about similarity between thecurves (see Figure 5.1). Note that we did not formulate an expression of the nLTT‐statistic itself, but immediately de"ined the distance metric for use in ABC. Once couldde"ine the nLTT‐statistic as the area under the LTT‐curve, but the difference betweentwo areas‐under‐the‐LTT‐curve could be equal to 0 even if the LTT‐curves are verydifferent, whereas our distance metric is equal to 0 if and only if the two LTT‐curvescompared are identical.

























cation how well ABC inference performs, even when the summary statistic is unlikelyto be able to distinguish between models 
Birth-death modelWe set the ratio of the extinction and speciation rates to 0.0, 0.1, 0.3 and 0.9, ensuringtrees with both low and very high extinction. Speciation rates were adjusted such thatthe expected number of species was always 100. This resulted in corresponding specia‐tion rates of 0.39, 0.42, 0.51 and 1.77. For every parameter combination, 30 trees weresimulated using the package TESS (Höhna 2013a) in R 3.0.1. 
Time-dependent modelExtinction was set to zero to keep the number of free parameters at two. The speciationrate was chosen to decay in an exponential fashion: λ = λ0 exp(‐αt), where λ0 is theinitial speciation rate and α governs the time‐dependent decay. For α = 0, we recoverthe standard birth‐death model. Values for α were chosen to be either [0.1, 0.5, 0.9],and λ0 values were adjusted to keep the expected number of tips at 200. This is a largerexpected tree size than in the birth‐death model because variation in tree size is rela‐tively large for the time‐dependent speciation model and hence we avoided trees withan extremely low number of tips. Resulting λ0 values were [0.73, 2.32, 4.15] respec‐tively. We simulated 30 trees using the R package TESS (Höhna 2013a) in R 3.0.1. 
Diversity-dependent modelIn the diversity‐dependent model we assumed that extinction is zero and the speciationrate decreases linearly with increasing diversity: λ = λ0 (1 – N/K), where λ0 is the speci‐ation rate at low diversity, N is the current diversity and K is the maximum diversity. As
N approaches K, the effective speciation rate approaches 0. We chose to adjust λ0 whilstkeeping K constant, to vary the degree of limitation due to diversity‐dependence. K waschosen to be 200, with λ0 values being [0.5, 0.75, 1.0]. Expected tree sizes rangedbetween 100 and 200, depending on λ0. We simulated 30 trees using the R packageDDD (Etienne et al. 2012)  in R 3.0.1. 






























Gamma statistic, Phylogenetic diversity and the normalized LTT statistic respectivelyThe epsilon value was decreased in an exponential fashion as the sequential ABCscheme progresses, such that the epsilon value was  εt = ε0 exp(–0.5t),  where t is thecurrent sequential step. This exponential decrease follows the progression of epsilon inthe adaptive‐SMC scheme of  Del Moral (2012). We found that using 5000 particles periteration was suf"icient. Convergence was assumed when the acceptance rate of newlyproposed particles had dropped below 1 in 100 and visual inspection of the interquar‐tile ranges showed no change in the posterior distribution of the past 3 iterations. Weprovide code used to perform the ABC‐SMC analysis in the nLTT package for R. As priordistributions we chose to use a uniform prior on [0,5] for both parameters of the birth‐death model, assuming that both speciation and extinction cannot become negative andlimiting them from becoming extremely large values, and thus producing unrealistictrees. For the time‐dependent model we chose a lognormal prior with mean 0 and stan‐dard deviation of 1 for both parameters, such that both the initial speciation and thetime‐decay parameter were always positive. For the diversity‐dependent model wechose a lognormal prior with mean 0 and standard deviation of 1 for λ0 and alognormal prior with mean 4.6 and standard deviation of 1 for K for the diversity‐depen‐dent model. Both these priors are always positive, and the mean for the K is chosen tobe centered around the expected tree size (exp(4.6) = 100). These priors were usedboth in the Metropolis Hastings MCMC approach and in the ABC‐SMC approach. 
Convergence analysisIn the limit of ε → ∞ and N → ∞, where N is the number of ABC‐samples, our Approxi‐mate posterior distribution converges to the true posterior distribution (Marjoram et
al. 2003). The threshold ε asymptotically moves towards 0 using our SMC approach,with an increasing number of iterations of the resampling algorithm. If the summarystatistic used is suf"icient, then the mean of the approximate posterior distributionshould asymptotically move towards the true mean, with decreasing ε. To test this weplotted the natural logarithm of the threshold against the mean of the obtained poste‐rior distribution using ABC. Furthermore we plotted the 95% con"idence interval of themeans across the 30 different trees.  
Results






























                                     Treatment        λ          µ / α / K           Number Tips                γ                        PD
Birth-Death                        0              0.39          0.00                  98 (72)            0.07 (0.95)         1.38 (0.29)
                                          0.1           0.42          0.04                  85 (67)            0.22 (0.83)         1.37 (0.26)
                                          0.3           0.51          0.15                  85 (65)            0.86 (1.00)         1.29 (0.37)
                                          0.9           1.77          1.60                  84 (60)            5.15 (1.39)         0.75 (0.23)
Time-dependent                 0.1           0.73          0.10                204 (129)         -2.42 (0.42)         1.45 (0.10)
                                          0.5           2.32          0.50                202 (150)       -13.54 (5.75)         3.07 (0.13)
                                          0.9           4.15          0.90                190 (140)       -17.85 (6.53)         3.87 (0.07)
Diversity- dependent          0.5           0.50           200                 105 (35)           -2.40 (2.27)         1.50 (0.20)
                                          0.75         0.75           200                 187 (11)           -9.57 (2.11)          2.02 (0.31)
                                          1              1.00           200                 198 (2)           -14.83 (2.26)         2.60 (0.49)
                                                                                                          

































Figure 5.2. LTT curves of the simulated phylogenetic trees used in our analysis. Shown are the meanLTT curves of the birth‐death model, the time‐dependent speciation and the diversity‐dependentspeciation model. Colors indicate different parameterizations. The number of replicates per parame‐terization was 30.   
possibly because the initial speciation rate was higher. Diversity‐dependent LTT plotsshow less speciation‐limitation than the time‐dependent plots, and higher λ0 valuesseem to induce more limitation than lower values; λ0 = 0.5 seems fairly similar to thebirth‐death model (Figure 5.2). Higher λ0 values generate larger trees and trees withhigher phylogenetic diversity.  
LikelihoodCrucial to our comparison between ABC and the likelihood‐based estimates, is theaccuracy of the likelihood estimates, and whether or not patterns in our obtained likeli‐hood estimates resemble patterns reported in the literature. Comparing our estimatesfor the three models with the parameter values the trees were generated with, we "indthat for the birth‐death model, both the speciation and extinction parameter are over‐estimated (Table 5.2, Figures 5.3 & 5.4), a well‐known result for birth‐death models(Nee et al. 1994; Höhna 2014). Estimates of α for the time‐dependent speciation modelare accurate, whilst the initial speciation rate tends to be slightly underestimated(Table 5.2, Figures 5.3 & 5.4), especially when α is high. For the diversity‐dependentmodel, maximum speciation rates are estimated accurately, and K‐values are consis‐tently overestimated  (Table 5.2, Figures 5.3 & 5.4). 
Tree sizeThe tree size statistic performs equally poorly for all three models (Table 5.2). Specia‐tion and extinction rates are largely overestimated for the birth‐death model, and esti‐mates do not differ much between different rates of extinction, suggesting that the treesize statistic does not detect any signature of extinction in the trees. For the time‐dependent speciation model, λ0 and α are underestimated. Again, the tree size statisticshows little variation in estimates across various degrees of time‐dependence, indi‐cating that the tree size statistic is unable to detect time‐dependence. For the diversity‐dependent model, λ0 is overestimated whilst K values are underestimated. Consideringthat the net speciation rate becomes zero once diversity has reached K, it is surprisingto see that estimates of K are smaller than the value with which the trees were gener‐ated, which suggests that size of the generated trees was generally much smaller thanthe true K value, which is especially true for smaller values of λ0. There is some varia‐tion in the estimates across the various degrees of diversity‐dependence. However,variation around the mean estimates is large and for any single tree, the tree sizestatistic will most likely be unable to detect patterns of diversity‐dependent speciation. 
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Figure 5.4. Convergence plots of all four summary statistics for one representative parameterizationof each model. On the x‐axis the ln(epsilon) of the ABC‐SMC algorithm is plotted, with on the y‐axisthe residual estimate after correcting for the likelihood‐based estimate. Shaded areas indicate the95% con"idence interval across 30 replicates. Chosen parameterizations for the models were for thebirth‐death model, μ = 0.3λ, for the time‐dependent model α = 0.5 and for the diversity‐dependentmodel λ0 = 0.75. Results for the other parameterizations were similar and can be found in the supple‐mentary material.    
reveals that only when extinction is high (0.9 times the speciation rate), the Gammastatistic overestimates the speciation rate more than the likelihood‐based approach(Figure 5.3). As with the likelihood‐based approach, the Gamma statistic overestimatesthe extinction rate, but the bias is comparable to the likelihood‐based approach.Performance of the Gamma statistic for the time‐dependent model is poor: withincreasing time‐dependence, the Gamma statistic increasingly underestimates λ0.Although variance in the α estimate is low, estimates are inaccurate. For trees gener‐ated with the diversity‐dependent model, the Gamma statistic also fails to perform onpar with the likelihood‐based approach. λ0 is overestimated, and K is underestimated.Estimates for K appear not to differ between parameterizations, suggesting that theGamma statistic is unable to detect signals of diversity‐dependence. 
Phylogenetic DiversityPerformance of the Phylogenetic Diversity metric for birth‐death models is comparableto the tree size statistic (Table 5.2). Both speciation and extinction are overestimated,and variance in the estimate is high. Estimates across varying degrees of extinction aresimilar, indicating that the Phylogenetic Diversity metric is unable to detect patterns ofextinction in phylogenies. As with the Gamma statistic, λ0 in the time‐dependent modelis increasingly underestimated with increasing time‐dependence, together with anunderestimation of α. λ0 estimates for the diversity‐dependent model are inaccurateand similar across degrees of diversity‐dependence, indicating that the PhylogeneticDiversity metric cannot detect patterns of diversity‐dependence. 
Normalized LTTEstimates of the speciation and extinction rate for birth‐death models are similar toestimates obtained using the likelihood (Table 5.2). Estimates for λ0 and for α are closeto the values used to generate the trees, and are similar to estimates obtained using thelikelihood, both in mean and in variance. Estimates and variance for both parameters ofthe diversity‐dependent model are generally similar to estimates obtained using a like‐lihood‐based approach (Figure 5.3). Variance in K estimate appears to be a bit smallerthan the variance using the likelihood‐based approach. 






























not only associated with changes in topology, but also with changes in the sequence ofbranching times, the normalized LTT statistic will be able to distinguish betweendifferent parameterizations. Here we have only focused on the use of a single summary statistic. Future researchcould focus on combining summary statistics, possibly increasing the power of theanalysis by covering multiple aspects of the data. For example, one could combine thenLTT statistic with a balance statistic to fully capture both information contained in thesequence of branching times and in the topology of the tree. Within an ABC frameworkhowever, implementing multiple summary statistics is not straightforward – whenusing multiple statistics one has to decide how to weight the different statistics in thedistance measure, and make a choice about the implementation of thresholds. Eitherboth statistics are equally weighted and combined as one distance measure, or thedistance in both statistics is compared independently against a statistic‐speci"icthreshold. In both implementations rejection of a proposed parameter might rely solelyon the limitation of one of the summary statistics, which might break the complemen‐tarity that the combination of summary statistics was supposed to achieve. Especiallywhen one of the two summary statistics is much more restrictive than the other (forinstance a combination of tree size and the normalized LTT statistic), rejection mightonly be the result of the more restrictive summary statistic, effectively rendering theadditive statistic useless. Phylogenetics has not yet picked up on the possibilities of ABC. With our systematicanalysis of summary statistics we are con"ident that we have provided a step forwardtowards the future implementation of more complex models in diversi"ication rateanalysis. With the introduction of the normalized LTT statistic, we have provided avaluable alternative to the traditional likelihood that will prove to be an importantaddition to the Approximate Bayesian’s and phylogeneticists’ toolbox. 
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λ0 = 0.5 λ0 = 0.75 λ0 = 1.0
Figure S3. Convergence plots of all four summary statistics for all parameterizations of the diversity‐dependent model. On the x‐axis the ln(epsilon) of the ABC‐SMC algorithm is plotted, with on the y‐axis the residual estimate after correcting for the likelihood‐based estimate. Shaded areas indicatethe 95% con"idence interval across 30 replicates.     

